The Holland-Batt spline is well known when it comes to plotting spiral separation performance. The spline, which consists of a linear curve and power curve, has been successfully used to t test work data that is presented as cumulative recovery of a valuable mineral versus the cumulative mass yield to valuable mineral concentrate. The benet of this curve tting process is that it produces a mathematical expression that is essential for simple mass ow modelling calculations. Although the mathematics is simple, the tting process can be quite cumbersome. This work enhances the Holland-Batt spline with a few adjustments to improve the t accuracy and ease the tting process through (1) smoothing the transition zone between the linear and power law curves, (2) applying the principles to both low and high density particles, (3) use Visual Basic user-dened functions to simplify test work sheets in Excel and (4) use Excel Solver to automate the curve tting process. These steps are applied to an example test work data set to clearly demonstrate the approach. The enhanced method is easy and simple to apply to spiral concentrator mass ow modelling.
Introduction
The spiral concentrator, better known as a spiral, remains a competitive processing technology because it has comparatively low capital cost and high separation eciency in a well-designed circuit conguration.
Regular assessment of spiral separation performance is important to ensure that the most suitable operational conditions (feed rate, solids concentration, medium viscosity) are applied to maintain high recoveries of valuable mineral for a specic feed material (particle size, density and shape distributions). The most common method for quantifying separation eciency is to plot cumulative recovery of the valuable mineral versus cumulative mass yield to concentrate containing the valuable mineral. The closer the data points are to ideal recovery (100 % recovery at 100 % concentrate grade), the higher the separation eciency. This article discusses tting of a consistent mathematical relationship of cumulative recovery versus cumulative yield to test work data points. The resulting relationship can then be used to identify data quality problems, as well as to analyse process performance.
Linear and polynomial regression are standard methods to t empirical models to experimental data. Test work errors can force the tted relationship into a specic direction, which may result in a model that is not physically meaningful. There are many other equations that can be used to t series of data points, but these may not be consistent over dierent test work conditions that are applied in spiral concentrator test work. Its area of applicability may be very small and will require recalibration once the operating area has shifted. This is typical of an empirical model.
The ideal equation is one that realistically describes the physical behaviour of the process under investigation, and that can be tted accurately and consistently on test work data. This implies a model of a more fundamental nature. Such a relationship needs to be supported by large amounts of test work data and/or fundamental analysis before it can be accepted as an equation suitable to t test work data.
The technique presented in this article is demonstrated on an example data set of a typical heavy mineral feed material with a grade of 14 % by mass that was fed to a rougher spiral.
Example Test Work Data Table 1 provides some data obtained from spiral test work. The spiral product was divided into seven mass fractions with a mouth-organ splitter. The fractions are numbered from the inside of the spiral (1) to the outside (7). The slimes content (%SLM) of each split fraction was determined by screening on a 45 µm screen. A sink-oat technique with tetra-bromo ethane (TBE) at 2.98 g/cm 3 was used on the dried de-slimed sand fraction to determine the total heavy mineral content (%THM, sink fraction) and remaining oat fraction (%QRT) of each split fraction. The oat fraction consisted mostly of quartz. The head grade of THM, QRT and SLM were calculated with the mass weighted assay of each mass fraction. The right-hand side of Table 1 provides the cumulative gures based on the fractional values on the left-hand side. The heavy mineral material, or sink fraction, is referred to as 'high-density material' in this text; and the light minerals, or oat fraction, as 'low-density material'.
Holland-Batt Recovery Curve Holland-Batt (1990) proposed a combination of two simple equations to t spiral recovery data. The yield-recovery curve can be divided into three zones, namely the grade zone, the transition zone and the decay zone ( Figure 2a ). The grade zone is primarily determined by the number of high-density particles that are concentrated at the inner side of the spiral trough, and is described by the straight line section. An increase in the number of high-density particles would result in a decrease in the gradient of the straight line, and a larger portion of the spline would be represented by the linear section.
The decay zone, described by the power law, is the result of high-density particles remaining in the bulk of low-density particles, demonstrating a steady decrease in concentration. The decay zone is inuenced by the sum of all the factors that could inhibit movement of highdensity particles into the grade zone. Such factors may include increased throughput, increased solids concentration, increased viscosity (slimes content) and increased medium-density particle concentration.
Since the grade and decay zones are completely dierent in nature and in the separation mechanism involved, there is naturally a transition zone between them. The gradient of the curve in the transition zone would be less than that of the straight line but greater than the gradient of the power law. Holland-Batt (1990) proposed a second-order polynomial to smooth the transition from the linear section to the power law section. This adds a third section to the spline.
The Holland-Batt spline function could be tted eortlessly to all the yield-recovery data from our test work as well as spiral testwork data from other researchers, although the secondorder polynomial caused tting problems in some cases. The benet of the tted relationship is that it provides structure to the data representation within which outliers can be easily Table 1 . The gure also shows the values for parameters a and b to achieve the closest t to the testwork data.
The Holland-Batt spline function is applied to both high-density and low-density material here. For the sake of brevity, the functions are referred to as 'high-density recovery curve' and 'low-density recovery curve'.
Enhanced Holland-Batt Recovery Curve
Although the Holland-Batt spline shows reasonable agreement to test work data, the t can often be improved, especially around the transition point from the linear section to the power law section. This is illustrated in Figure 1 . Four enhancement were made to the Holland-Batt equation to improve the equation tting process with regards to accuracy and calculation speed.
These improvements are discussed in the remainder of this section.
Transition Zone Polynomial
The second-order polynomial approach used by Holland-Batt may be adequate for typical THM recovery curves, since the transition zone is small. It does however have some problems associated with it, especially for larger transitions zones that involve medium-density minerals (3 to 4 g/cm
3 ).
The second-order polynomial uses three pieces of information to determine the three polynomial coecients. The rst is a data point located on the straight line section, and the second a data point located on the power law section. The third data point is determined somewhat arbitrarily based on the specied smoothing interval (refer to Holland-Batt 1990, p. C14). The resulting t does not guarantee gradient continuity at the cross-over points from the linear and power-law sections to the polynomial section. This creates curve tting problems in some cases.
The suggested enhancement to the Holland-Batt approach is to t a third-order polynomial between the linear and power law sections. This function has four coecients, and therefore requires four pieces of information to t it. Referring to Figure 2b , the rst two items are the coordinate (y 1 , r 1 ) and gradient (y 1 , r 1 ) at the transition from the linear section to the polynomial. The other two are the coordinate (y 2 , r 2 ) and gradient (y 2 , r 2 ) at the transition from the power-law to the polynomial. Once the transition zone (also called smoothing interval) halfwidth (c) is specied, all four of these items become available automatically without requiring any further decisions. This method therefore does not use any arbitrary data points for the polynomial t.
Furthermore, the tted third-order polynomial guarantees continuity in both the recovery value and the gradient of the recovery curve. This ensures a completely smooth transition from the linear section to the power law section. The benet of this is not clearly illustrated with the example test work data set presented here, since it has a narrow transition zone. The importance of a smooth t does, however, become clear when spiral splitter position selections must be made within the transition zone.
This enhancement results in a triple spline that consists of a linear section r lin (y), a polynomial section r pol (y) and a power law section r pow (y). The width of the transition zone is varied to improve the accuracy of the t. Figure 2a is enlarged in Figure 2b to demonstrate the coordinates and parameters used to t the the third-order polynomial.
Parameter a species the gradient of r lin (y), and always starts from the origin ((0,0) point).
This parameter is referred to by Holland-Batt (1990) as the 'upgrade ratio'. The higher the high-density material concentration, the lower the gradient. This parameter is constrained at the y-axis and the gradient is rarely greater than 100, based on practical experience, and cannot be less than 1. If the gradient is 1, no separation occurs. If the gradient is less than one, it is described by the low-density recovery curve with its origin at the (100, 100) point.
Parameter b species the power law exponent of r pow (y). The higher the value of b, the more dilution of high-density particles into the bulk material and the lower the separation eciency. This parameter is constrained at b = 0.001, which is suciently small to match the r = 100 % line, and at the zero separation line, which is at b = 1. This recovery curve always ends in the (100, 100) point where 100 % of the high-density particles are recovered in 100 % of the mass. From a recovery point of view this parameter has the strongest inuence on the high-density recovery curve.
Parameter c species the half-width of the transition zone (y cross − y 1 or y 2 − y cross ). The purpose of r pol (y) is to ensure a smooth transition from r lin (y) to r pow (y). The higher the value of this parameter, the larger is the portion of the spline that is described by r pol (y). The parameter is constrained between zero and y cross for y-values of less than 50. If c is larger than y cross , the spline would not include a linear section, and it would not pass through the origin. For y-values greater than 50, c may not exceed the value of 100 − y cross since then r pow (y) would be ignored and the spline would not pass through the (100,100) point.
The three spline sections and their parameter limits are summarised in and r pow (y) overlap r pol (y) exactly. Referring to Figure 2b, the rst overlap point (y 1 , r 1 ) 
Spline Segment Formula Parameter Limits
Linear r lin (y) = ay 1 < a < 100 
100
(1−b) by
The values of the unknowns are determined by Equation 6.
Combining the formulas of the three sections, Equation 7 describes the high-density recovery triple spline.
r pow (y) = 100 y 100
b , if (y cross + c) < y ≤ 100 
Automated Curve Fitting
Selecting the three parameters (a, b and c) to arrive the best t to a test work data set may be counter intuitive to the user and it may take a long time. Dierent users can also have dierent parameter selection results for the same test work data set. To avoid these problems the procedure of tting a spline to test work data was automated.
A macro was created in a second Excel Visual Basic module to rapidly calculate the spline parameters (a, b and c) to produce the t that minimises the error calculated with Equation
8
. The macro code is not provided here, since it is specic to the layout of the worksheets we used. The macro inputs are:
• Starting values for (a, b and c).
These are determined through visual evaluation by plotting the recovery spline and testwork data points on the same graph, similar to Figure 1 . As long as reasonable values are provided, the optimisation routine is not very sensitive to the starting values.
• The test work data set.
The cumulative mass and cumulative THM recovery columns of Table 1 is an example of what the macro would use. It consists of seven separate cuts in the example data set.
Determining the optimal set of spline parameters is a non-linear constrained optimisation problem. The macro uses Excel's Solver facility to nd a solution. Equation 8 is the objective function. The r i (spline) terms are calculated with the user-dened functions described in the previous section. Parameters a, b and c are the optimisation variables adjusted to minimise the objective function. The values of these variables are constrained according to the parameter limits in Table 2 and Table 3 to force the spline to remain inside the valid separation envelope.
This curve tting process takes only a few seconds and many data ts can be done in a short period of time.
Low-density Recovery Curve
In almost all relevant literature references (Henderson and MacHunter 2003; Richards and Palmer 1997; Holland-Batt 1995) only the recovery of high-density material (THM) is plotted.
The recovery (or rejection) of low-density material (QRT) is omitted and as a result not tted.
The position and consistency of the recovery curve for low-density material can be crucial for spiral performance assessment since it usually represents more than 80 % of the mass on the spiral and a small movement in this curve can result in a signicant inuence on mass yield.
The Holland-Batt equation was further extended to accommodate the recovery of low-density material.
For the power law to function correctly, it was mirrored to the (100, 100) point as the new origin. The high-density formulae and parameter limits in Table 2 and Equation 7 are converted to low-density equivalents by replacing (y) with (y * ), and (r) with (r * ). The mirror calculations are shown in Equation 9. The resulting low-density equivalents are shown in Table   3 and Equation 10.
Mirror
Yield y * = 100 − y, Recovery r * = 100 − r 
Power Law r * pow (y * ) = 100(
As expected, the low-density recovery curve is dominated by the grade zone, which is located on the outside of the spiral. Figure 4a demonstrates the dierent spline sections for lowdensity material recovery and Figure 4b provides detail of the transition zone. The permissible separation envelope for the recovery of low-density material is also signicantly smaller ( Figure   5 ), since it represents the bulk of the mass on the spiral. 
Conclusions
This simple, yet eective curve tting method can be applied to all spiral test-work data to create a robust mathematical relationship for recovery versus yield, which can be used easily for mass balance calculations on spiral circuits. Spiral separation eciency can also be measured more consistently.
The mathematical equations used are simple, with only three parameters. These triple spline parameters can also be correlated well to spiral separation behaviour (grade, decay and transition), which makes them physically meaningful.
The enhancements made to the Holland-Batt recovery curve in this study have important benets, such as performing a mass balance of multiple density classes (high, medium and low).
The automated tting assists in dealing with large data sets and it also improves the accuracy and speed of the curve tting process. 
